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Heegner points and signs in functional equations
Let F be a totally real field of narrow class number one, and let E/F be an elliptic curve of conductor N ⊂ O F such that ord p N = 1 for some prime ideal p of O F . Assume, moreover, that E is modular, that is, that there exists a Hilbert modular form f ∈ S 2 (N) such that
L(E/F, s) = L(f, s).
By the Jacquet-Langlands correspondence, there is a Shimura curve X/F and a modular parametrization : Jac X −→ E defined over F , where Jac X is the Jacobian variety of X. The curve X is a moduli space for algebro-geometric objects related to principally polarized abelian varieties with quaternionic multiplication and level structure. When F = Q, the Shimura curve X is a moduli space for such varieties themselves. When F = Q, the identification of X as a moduli space is indirect and is actually defined relative to the choice of a quadratic extension of F . The resulting curve descends to F itself, however. For some useful remarks regarding the nature of this moduli problem, see [9, §1.1] ; for a precise formulation, see [20, §1.1.2] .
Let K/F be a CM extension with [K : F ] = 2, and let O ⊂ K be an O F -order such that
There is a notion of a point of X(C) having CM by O (for the definition, see [20, §2.1] ). It follows from the theory of complex multiplication that
where H O is the ring class field of K associated to order O. Points of E(H O ) arising in this manner are called Heegner points. These points are of significant interest. In particular, the proof of instances of the conjecture of Birch and Swinnerton-Dyer for elliptic curves over F of analytic rank at most one, due to Gross-Zagier, Kolyvagin, and Zhang, depends essentially on their properties. The existence of the Heegner point construction is compatible with the conjecture of Birch and Swinnerton-Dyer. If the set CM O is nonempty, then the sign (E/K) in the functional equation of the completed L-function (E/K, s) is −1:
(E/K, s) = − (E/K, 2 − s).
By the product formula,
L(E/H O , s) = χ:Pic O→C ×
L(E/K, χ, s).
Each of the completed twisted L-functions (E/K, χ, s) satisfies a functional equation in its own right of the form (E/K, χ, s) = sign(E/K, χ) (E/K,χ, 2 − s).
Since E is defined over F and since χ, viewed as a character of A × K , is trivial on A × F , we have
L(E/K,χ, s) = L(E/K, χ, s).
In addition, the intervening signs are all independent of χ:
sign(E/K, χ) = sign(E/K) = −1.
Therefore, each of the twisted L-functions L(E/K, χ, s) must vanish at
Thus, the conjecture of Birch and Swinnerton-Dyer leads one to believe that
or, in other words, that E possesses "many" H O -rational points. Thus, a systematic construction of global points on E rational over ring class fields of K is compatible with the conjecture of Birch and Swinnerton-Dyer.
Stark-Heegner points
The above logic suggests using the Birch and Swinnerton-Dyer conjecture and signs in functional equations to identify other scenarios for which it would be reasonable to expect such systematic constructions of global points on E. Let K be any quadratic extension of F with (Disc K/F, N) = 1, and set S(N, K) = {l|N prime : l is inert in K/F }.
(1)
It can be shown that sign(E/K) = (−1) #S(N,K)+r 1 (K)+r 2 
where r 1 (K) and r 2 (K) are the numbers of real and complex places of K, respectively. In our situation, r 1 (K) is always even, so sign(E/K) = −1 if and only if #S(N, K) + r 2 (K) is odd.
Therefore, by the discussion of §1.1, the existence of a Heegner point-like construction is compatible with the conjecture of Birch and Swinnerton-Dyer whenever (3) is satisfied, not just in the case when r 2 (K) = [F : Q]; that is, K a is CM extension of F .
The main result of this article is a conjectural realization of this heuristic for non-CM K/F as above under the following additional condition.
Assumption 1 S(N, K) is nonempty.
Following Darmon [5] , we call the points we construct Stark-Heegner points because these points should play a role in the arithmetic theory of elliptic curves analogous to that played by Stark units in the theory of unit groups in rings of algebraic integers.
Motivation: Darmon's construction
Let E/Q be an elliptic curve of squarefree conductor N. Let f ∈ S 2 (N) be the normalized cusp form satisfying L(f, s) = L(E/Q, s), and let ω f = 2πif (z) dz be the associated holomorphic 1-form on the upper half-plane H. Classically, one constructs Heegner points on E as follows. One integrates ω f over an oriented path whose divisor is supported on imaginary quadratic irrationalities in H. One then applies the Weierstrass uniformization to the resulting quantity, thereby obtaining a point on E. A fundamental obstruction to the existence of a naive analogue of this process with imaginary quadratic irrationalities replaced by real quadratic ones is that there are no real quadratic irrationalities lying in H. The p-adic upper half-plane [5] is to construct points in E(K ab ) by replacing the archimedean analysis present in the classical Heegner point construction with p-adic analysis. To properly motivate the constructions of this article, we must review those of [5] in some detail, albeit in a simplified form and paraphrased in order to emphasize the analogy with our techniques.
The key step in the point construction of [5] is the identification of a suitable p-adic version of ω f .
* The p-adic analogue of the notion of holomorphic 1-form on H is that of a rigid-analytic 1-form on H p , the space of which we denote by 
dµ(t) t − z . * Of course, ω f has an obvious p-adic incarnation coming from algebraic geometry: ω f may be viewed as a 1-form on the algebraic curve X 0 (N) /Q and thus, by base change, as a 1-form on X 0 (N) /Qp . The key word in the above sentence, however, is suitable, that is, suitable for facilitating a point construction. A basic attribute of the construction both of [5] and of this article is that it uses almost no algebraic geometry.
By a theorem of Teitelbaum [17, Corollary 11] , this map is an isomorphism. It turns out to be more convenient to work with measures and measure-valued modular symbols than with differentials and differential-valued modular symbols. Let V be an abelian group. A V -valued modular symbol is simply a group homomorphism from Div 0 P 1 (Q) to V . If G ⊂ SL 2 (Q) and V is a G-module, we define the notion of G-equivariant modular symbol in the obvious way. Write
and let
There is a real period + such that for every D ∈ Div 0 P 1 (Q),
The period + is determined by (4) up to multiplication by elements of Q × . Note that the integral (4) depends only on the image of D in the group of coinvariants (Div 0 P 1 (Q)) 0 (N) , a finitely generated abelian group. Therefore, the denominators of the integrals (4) are bounded. Let Meas 0 (P 1 (Q p ), Q) be the group of Q-valued measures on P 1 (Q p ) with total measure zero.
PROPOSITION 1
There exists a unique modular symbol
We now require a p-adic analogue of the operation of integrating ω f over divisors supported on imaginary quadratic irrationalities. Formally, there is a natural integration pairing
Let q E be the Tate period of E, and set
Assume the following Heegner hypothesis: All primes divisors of N/p are split in K. Let τ ∈ K ∩ H p . Then the stabilizer τ is an abelian group of rank one; let γ τ be a generator. Fix a cusp x ∈ P 1 (Q), and let
The short exact sequence
induces the following exact sequence in -homology:
One can show that (Div 0 P 1 (Q)) is finite; let e be its exponent. Therefore, eϒ τ lifts to an element τ of (Div 0 P 1 (Q) ⊗ Div 0 H p ) , well defined up to elements of ∂H 1 ( , Div 0 P 1 (Q)). Define
That J τ does not depend on our choice of lift τ follows from the following theorem of Darmon.
To the point τ ∈ K ∩ H p we may attach an order O τ ⊂ K, its ring of multipliers, which has an associated narrow ring class field H 
This article
In order to generalize Darmon's construction to elliptic curves over totally real fields F (and to elliptic curves over Q and real quadratic fields K with sign(E/K) = −1 and #S(N, K) ≥ 2), we reinterpret the above theory in terms of group cohomology. Consider the exact sequence
Applying the functor Hom(−, Meas 0 (P 1 (Q p ), Q)) (resp., Div 0 H p ⊗ −) and taking the corresponding long exact sequence in -cohomology (resp., -homology), we obtain the coboundary (resp., boundary) map
We construct the following objects: (1) a cohomology class
an integration pairing :
). Key to our generalizations is the fact that these objects can be constructed purely cohomologically, that is, independently of the modular symbol-based manipulations of §1.3. This cohomological rephrasing of the above theory allows us to construct Stark-Heegner points in the general situation described in §1.2 by giving us the flexibility to replace the groups and 0 (N) by unit groups of various orders in quaternion algebras over F and replace H 1 and H 1 by higher cohomology and homology groups H n and H n . Note that n ≥ 1 as K is not CM. The quantity n = n(K) plays a central role in this article, so we emphasize that n := number of infinite places of F which split in K = r 1 (K)/2.
Quaternion algebras, orders, and unit groups
Fixing a prime p ∈ S(N, K) and setting
it follows from (3) that the set
has even cardinality. Therefore, there is a unique quaternion F -algebra B ramified precisely at the primes in this set. Write d for the discriminant of B,
and define n by the equation
where nrd : B × → F × is the reduced norm map. We define the arithmetic groups
The natural map inclusion of R 0 (a) into B induces an embedding
It suffices to show that the induced map is surjective. To see this, let γ ∈ R 0 (a) × + . Since we assume that F has narrow class number 1, there is a unit
Let U + be the group of totally positive units of F , and let
Since F has narrow class number one,
By the norm theorem [19, Theorem III.4.1], the sequence
Therefore, we have the exact sequence
For a set S of primes of O F , let O F,S be the set of S-integers of F . Set
The ring R is an Eichler O F,{p} -order in B of level n. Define the {p}-arithmetic group
Since p is principal, the natural map R
and there is an exact sequence
Hecke operators
The cohomology groups of 0 (pn), 0 (n), and are endowed with the action of certain Hecke operators.
Involutions at infinity
By (5) (resp., (6)), there is a natural action of
The coset ε j U + gives rise to an involution of
An Atkin-Lehner involution
, and let N ( 0 (pn)) be the normalizer of 0 (pn) in . Then there is another exact sequence
Let w p be an element of R × + which ord p nrd maps to the nontrivial element of Z/2Z. If V is an N ( 0 (pn))-module, the coset w p N ( 0 (pn)) induces an Atkin-Lehner involution of H i ( 0 (pn), V ) which we denote W p . The matrix w p also generates the quotient / . Therefore, we also obtain an involution W p of H i ( , V ). Using the W p -operator, we define a p-new subspace and quotient of H n ( 0 (pn), V ) by
where
Double-coset operators
Let V be a B × /F × -module, and write G for 0 (n) (resp., 0 (pn) or ). Let l be a prime of O F not dividing d (resp., pd). Using the formalism of double cosets, one may define Hecke operators
For a detailed description of this formalism, see [16, Chapter 8] . The operators T l and U l generate a commutative subalgebra of H i (G, V ). Moreover, these operators commute with the involutions at infinity W v j (resp., with the involutions at infinity W v j and the Atkin-Lehner involution W p ). 
Hecke algebras
We refer to these rings as Hecke algebras. Since the Hecke operators defined above commute with one another, these Hecke algebras act on the various cohomology groups of 0 (pn), 0 (n), and in the way suggested by the notation. Let T be any one of Hecke algebras defined above, let M be a T-module, and let λ : T → Z be a ring homomorphism. We write M λ for the λ-eigenspace for the action of T on M, that is,
We say that T acts on M through λ if M λ = M. For any commutative ring A, set
Define the degree character deg :
Fix signs at infinity σ 1 , . . . , σ n ∈ {±1}. Define a character λ E : T (dp) → Z corresponding to our elliptic curve E/F by
The actions of the Hecke operators commute with most maps arising naturally in homological algebra, for example, restriction maps, corestriction maps, and connecting homomorphisms in long exact sequences corresponding to short exact sequences of (B × /F × )-modules.
Cohomology of quaternionic Shimura varieties
Action on H n
For i = 1, . . . , n, fix isomorphisms
The isomorphisms ι v 1 , . . . , ι v n induce an embedding
n which identifies 0 (pn) and 0 (n) with subgroups of PSL 2 (R) n . To simplify matters, we make the following assumption.
Assumption 2
The groups 0 (pn) and 0 (n) contain no nontrivial elliptic elements of finite order.
Thus, these groups act properly discontinuously on the product H n of n copies of the complex upper half-plane H. The quotients A) ; restriction and corestriction maps send internal cohomology to internal cohomology. In addition, the internal subspace is stable under the action of the Hecke operators.
Eisenstein cohomology
Let G be either 0 (pn) or 0 (n). When G is cocompact, that is, when G is not a congruence subgroup of the Hilbert modular group, we clearly have
Suppose for the remainder of Section 4.2 that G is not cocompact. Let κ 1 , . . . , κ t ∈ P 1 (F ) be representatives for the cusps of G. Write G κ j for the stabilizer in G of the cusp κ j . PROPOSITION 
(Harder) (1)
There is a Hecke-stable direct sum decomposition
Consider the natural restriction map
Then res maps H i
Eis (G, C) isomorphically onto the image of res.
For an exposition of this result, see [10, Chapter III, §3] . Suppose that κ 1 , . . . , κ t are representatives for the cusps of 0 (n). In this case, it is well known that X 0 (pn) has 2t cusps-for each cusp κ j of X 0 (n), there are two cusps κ j and κ j of X 0 (pn) lying over κ j , and these two cusps are interchanged by the Atkin-Lehner involution W p . This remark has the following consequence.
LEMMA 5
The map
The following is a standard property of Eisenstein series.
LEMMA 6
The algebra T (N∞) acts on H i Eis (G, C) through the degree character.
Decomposition of the internal cohomology
We continue to let G denote either 0 (pn) or 0 (n). For each nonempty subset a of {1, . . . , n}, define a differential 2|a|-form ω a on H n by
Each ω a is invariant under the full group GL + 2 (R) n , and the classes of their pullbacks represent cohomology classes [ω a ] ∈ H 2|a| (G, C). Since these classes do not depend on the level structure, we call them universal cohomology classes. Define
Since the forms ω a are invariant under the full group GL 2 (R) n , we obtain the following.
LEMMA 7
The algebra T (dp) acts on H i univ (G, C) through the degree character.
PROPOSITION 8 (see [14] )
For an exposition of this result, see [10, Chapter III, §1]. To describe the group H n ! (G, C), we must take into account the contribution of cusp forms. Let S 2 (G) denote the space of holomorphic cusp forms f : H n → C of level G, equipped with its natural action of T (dp∞) C . Each form f ∈ S 2 (G) may be viewed as a holomorphic (and hence harmonic) differential n-form on X = G\H n ,
Let S denote the image of this map. One can show that S ⊂ H n ! (G, C). For any subset a of {1, . . . , n}, we let W a denote |a|-fold composition
For an exposition of this result, see [10, Chapter III, §5] .
We define
The proof of the following result is easy.
LEMMA 10
We have the following identifications:
THEOREM 11 (Ramanujan-Petersson conjecture) Let a p be an eigenvalue of T p acting on S 2 ( 0 (n)). Then
Indication of proof
Using results of Carayol [3] on reductions of Shimura curves defined over number fields, the statement of the theorem can be reduced to the Riemann hypothesis for curves over finite fields, proved by Weil (for details, see [13] ).
The natural map
The sequence
defining the map h. An easy computation shows that h is given by the matrix
Since T p commutes with each involution W a , the eigenvalues of T p acting on S 2 ( 0 (n)) are the same as those of T p acting on H n cusp ( 0 (n), C). Therefore, it follows from Theorem 11 that h is injective (cf. [8, Proposition 4.9]). Statement (1) is now easily deduced. Statement (2) follows from (1) and Lemma 5. 
The Jacquet-Langlands correspondence
Recall that N = dpn. Let 0 (N) ⊂ PSL 2 (O F ) be the congruence subgroup of level 0 (N), and let S 2 ( 0 (N)) denote the corresponding space of holomorphic Hilbert modular cusp forms f : H g → C of parallel weight two, endowed with its natural action of T (dp∞) C . We require a major result from the theory of automorphic forms, the Jacquet-Langlands correspondence. 
COROLLARY 14
The following hold:
Proof Statement (1) follows from Proposition 13 and the multiplicity-one theorem for Hilbert modular forms. Statement (2) follows from (1) together with statement (1) of Proposition 4, Lemma 6, Lemma 7, Proposition 9, and the fact that, by Theorem 11, deg = λ E . ᮀ 6. The Bruhat-Tits tree of PGL 2 (F p ) and the cohomology of Set
Let V and E denote the sets of vertices and directed edges of the Bruhat-Tits tree T of G, respectively, (see [6, Chapter 5] (v 0 , v 1 ) . For an edge e = (x, y) ∈ E, we write s(e) and t(e), respectively, for the source x and target y of e, and we writeē for the edge (y, x) = (t(e), s(e)). Call a vertex even (resp., odd) if it belongs to the G 0 -orbit of v 0 (resp., v 1 ), and let V 0 (resp., V 1 ) be the set of all even (resp., odd) vertices of T . We call an edge e even (resp., odd) if s(e) is even (resp., odd), and we write E 0 (resp., E 1 ) for the set of all even (resp., odd) edges. The assignments g → gv 0 and g → ge 0 induce identifications
Fix an isomorphism
such that the induced maps
are isomorphisms, where
If a ⊂ O F is an ideal prime to pd, it follows that ι p induces an isomorphism of
The map ι p induces an embedding of B × /F × into PGL 2 (F p ). Thus, we may view the groups 0 (pn), 0 (n), and as subgroups of G. We have
Let w p be as defined in §3.2. Then w p v 0 = ι p (w p )v 0 = v 1 , resulting in identifications We obtain the following corollary to Proposition 15.
COROLLARY 16
We have the following identifications of -modules:
Consider the short exact sequence
of G-modules, where
t(e) − f s(e) .
Writing down the corresponding long exact sequence in -cohomology and applying Shapiro's lemma using the identifications of Corollary 16, we get the Mayer-Vietoris sequence
Proof
We prove the assertion for n odd, the argument for n even being similar. Then H n univ ( 0 (n), C) = 0, so ker β n = 0 by statement (2) of Lemma 12. The restriction map
is clearly surjective since the universal cohomology classes do not depend on the level structure, so coker β n−1 = 0. Therefore, by the exactness of (10),
Proof From the long exact sequence (10), we extract the short left-exact sequence
Since taking eigenspaces is a left-exact operation and H n+1 ( 0 (n), C) λ E = 0, we obtain the isomorphism
The result now follows from statement (2) of Corollary 14. 
Divisor-valued homology classes associated to embeddings
Recall that K is a quadratic extension of F , as in §2. Write E(K, B) for the set of Falgebra embeddings of K into B. Since all the primes at which B is ramified are inert in K, the set E(K, B) is nonempty. The group B × acts on E(K, B) by conjugation on the target. Since F × clearly acts trivially, this action descends to B × /F × . It is well known that the stabilizer of ψ ∈ E(K, B) in B × is the nonsplit torus ψ(K × ).
Let O ⊂ O K be an order of conductor prime to N.
Definition 19
The group R 0 (n) × acts by conjugation on E(O, R 0 (n)), and the natural inclusion We note that by Lemma 3, we have
We fix a basis u 1 , . . . , u n of O × 1 /torsion. The orientation class of this basis corresponds to a choice of generator of
Thus, the embedding ψ induces an identification
where we write 0 (n) ψ for stab 0 (n) ψ. Let ψ be the generator of H n ( 0 (n) ψ , Z) which corresponds to under the isomorphism induced by the identification (11) . Following [4] , we describe a particular geometric model of the restriction map
. For each j = 1 . . . , n, the group ι v j ( 0 (n)) acts on a copy of the complex upper half-plane. (The notation ι v j is defined in §4. 1 .) The torus ι v j (ψ(K × )) has two fixed points τ j and τ j on the boundary of H. The points τ j and τ j actually belong to P 1 (K) and are interchanged by the nontrivial element of Gal K/F . Let ϒ j be the geodesic path in H joining τ j to τ j , and let
The group 0 (n) ψ acts freely on ϒ via ι ∞ with compact quotient homeomorphic to Z n \R n . It is essentially tautological that the map
induced by the inclusion of spaces corresponds to the restriction map in group cohomology under the canonical identifications
(Here the pairing is the natural one between H n ( 0 (n), Z) and H n ( 0 (n), C).
Proof
Since H n univ ( 0 (n), C) is zero for n odd, we may assume that n is even and ω = ω a for a subset a ⊂ {1, . . . , n} of size n/2. It follows formally that
(The ±-indeterminacy in the above equation is a reflection of the fact that we have not been careful about orienting ϒ ψ compatibly with our choice of generator ψ of H n ( 0 (n) ψ , Z).) The result now follows from the fact that, by its definition (see (8) ), the restriction of ω a to the j th copy of H is a form of real dimension zero or two while ϒ j has real dimension one.
ᮀ
Define the p-adic upper half-plane H p by
There is a unique τ ψ ∈ H p such that
The stabilizer 0 (n) τ ψ of τ ψ is canonically identified with 0 (n) ψ . By Shapiro's lemma,
Therefore, there is a natural inclusion
Consider the natural restriction map res :
as well as the map
induced by the degree map deg : Div H p → Z. Let ψ be the generator of H n ( 0 (n) ψ , Z) constructed above.
LEMMA 22
Proof
If n is odd, then H n ( , Z) is finite by Proposition 17. Therefore, we may assume that n is even. By the commutativity of the diagram
it suffices to show that res deg ψ is torsion. Let −, − denote the natural C-valued pairing between H n ( , Z) and H n ( , C). It is enough to show that
But by Proposition 17, res c ∈ H n univ ( 0 (n), C). The result now follows from Lemma 21.
ᮀ
From the exact sequence
we obtain the following long exact sequence in -homology:
Since H n ( , Z) is finitely generated, its torsion subgroup is finite, of exponent e, say. By Lemma 22, the class e res j (
well defined up to elements of ∂H n+1 ( , Z).
Harmonic cocycle-valued cohomology classes associated to E
Let A be an abelian group. Define two degeneracy maps
by the rules
µ(e) and ϕ t (µ)(v) =
t(e)=v µ(e).
Definition 23
An A-valued harmonic cocycle is an element of
LEMMA 24
The function ϕ s maps F 0 (E, A) surjectively onto F(V, A). 
Sketch of proof
the obvious way. Let ν ∈ F(V, A), and write ν (0) ∈ F(V (0) , A) for its restriction to V (0) . Write e 0 , . . . , e |p| for the |p| + 1 edges with source v 0 . There is a unique element µ 0 ∈
. It is also clear that
and
Therefore, to complete the proof it suffices to show that given
. Exploiting the fact that we are working on a tree, it is an easy exercise to verify that such an extension exists.
The proof is best understood graphically. Figure 1 illustrates one possible construction of a function µ (1) such that ϕ (1) s = ν (1) for an arbitrary ν in the special case |p| = 2.
ᮀ By Lemma 24, we have the following exact sequence of -modules:
Using Shapiro's lemma together with the identifications of Corollary 16, the long exact sequence in -cohomology associated to (14) takes the form
We extract the following short exact sequence from (15):
PROPOSITION 25
The map ρ of (16) restricts to an isomorphism
Both of these eigenspaces are one dimensional. (1) in which each vertex is labeled with its image. The bottom tree depicts a (choice of ) preimage µ (1) of ν (1) under ϕ (16), we obtain the exact sequence
As coker α n−1 is a quotient of H n−1 ( 0 (n), Q) 2 and H n−1 ( 0 (n), C) consists entirely of universal cohomology, T acts on coker α n−1 through the degree character by Thus, the map
from edge set E of T to B is a bijection.
LEMMA 27 To give an A-valued measure on X with total measure zero is equivalent to giving an A-valued harmonic cocycle on T ; that is, there is a canonical isomorphism Meas 0 (X, A) → HC(A).
In the remainder of the article, we feel free to identify measures and harmonic cocycles in this manner. In particular, we allow ourselves to integrate against harmonic cocycles. Let C(X, K p ) denote the ring of continuous K p -valued functions on X. For f ∈ C(X, K p ) × and µ ∈ Meas(X, Z), we consider the following limit of Riemann products:
Here we are taking the limit over increasingly fine covers U of X by finitely many compact open subsets. The argument t U denotes an arbitrary point of U . One can show that this limit converges to a limit in K × p which we call the multiplicative integral of f against µ and denote × f, µ exists. The group G acts on C(X, K p ) from the right by the rule
One may verify the identity
In other words, the pairing
We immediately obtain an induced pairing
There is a natural G-equivariant embedding Div 
We wish to give a combinatorial description of the pairing ord p × −, − . Define
defined by
(The sum on the right-hand side denotes the sum over the directed edges e in a path on T from v 1 to v 2 .) We wish to describe the relationship between the pairings × −, − and −, − . Consider the reduction map r : H p −→ V and the natural inclusion map ρ : Meas 0 (X, K p ) → F 0 (E, K p ).
LEMMA 28
The following diagram commutes: 
Abel-Jacobi maps and Stark-Heegner points
The G-equivariant pairing (18) induces a pairing
Let E ∈ H n ( , HC(Z)) be the cohomology class defined in (17). Define
by the rule
and set
be the "Abel-Jacobi map" induced by AJ E . Recall the homology class ψ associated to ψ defined in (13) . This class is determined by ψ up to elements of ∂H n+1 ( , Z). It is now evident that 
It is not difficult to verify that Conjecture 2 is equivalent to the statement that
For the remainder of this paragraph, assume that E is defined over F = Q. Then there is a natural choice for , namely, p. In the case where all primes = p dividing the conductor of E are split in K, Conjecture 2 is a theorem of Darmon (cf. Theorem 2). The main ingredient in the proof of this result is the Greenberg-Stevens theorem [11, Theorem 0.3] , formerly the exceptional zero conjecture of Mazur, Tate, and Teitelbaum [15, Conjecture 1] . In [11] , it is shown how the L-invariant L p (E) can be extracted from the p-adic Galois representation associated to E/Q p . On the other hand, the quantity L p (L), as defined above, is an invariant of p-adic automorphic data associated to E. Thus, Conjecture 2 may be viewed as a connection between automorphic forms and Galois representations. It therefore seems natural to attempt to attack this conjecture in general by relating it to the p-adic Langlands correspondence. The author hopes to pursue these ideas in future work. Granting Conjecture 2, we may find an isogeny
be Tate's uniformization, and define 
Proof of Proposition 30
The arguments of this section are inspired by those of [8] . Let :
The function is called a branch of the logarithm if (1) (1 + x) = n≥1 (−1) n /nx n for all x ∈ pO K p , and (2) ker is not torsion. For all q ∈ pO K p , there is a unique branch log q of the logarithm such that log= 0.
Let be a uniformizer of K p , and let be a subgroup of K × p .
LEMMA 31 is a lattice if and only if (1) ord p = {0}, (2) there is a constant L ∈ K p such that log λ = L ord p λ for all λ ∈ .
Proof
Easy.
ᮀ
Let ∂ be the boundary map of (12) 
LEMMA 32
The function κ ord p is not identically zero.
LEMMA 33
The functions κ ord p and κ log are K p -linearly dependent. Let η ∈ H n+1 (G, Z), and let c ∈ H n (G , Hom(A, M) ). and is the key ingredient in the proof of the Bertolini-Darmon theorem on the rationality of Stark-Heegner points over the genus field of a real quadratic field [1] . This theorem is the main theoretical evidence for the conjectures of [5] . Due to the lack of a theory of modular symbols in general, the connection between the Stark-Heegner points constructed in this article and special values of L-functions is less clear. Clarifying this relationship, with an eye to proving analogues of the Bertolini-Darmon theorem, is an important open problem. Modular symbols have also proved essential in the gathering of numerical evidence for the conjectures of [5] (see [7] ). It would be highly desirable to have sufficiently developed algorithms for computing in cohomology groups of arithmetic groups which would allow for the accumulation of evidence supporting the conjectures of this article.
